We construct a family of 1D and 2D long-range SU (2) spin models as parent Hamiltonians associated with infinite dimensional matrix product states that arise from simple current correlation functions in SU (2) k WZW models. Our results provide a conformal field theory foundation for recent proposals by Greiter and coauthors regarding the realization of non-abelian chiral spin liquids. We explain, in particular, how the symmetrization procedure for the amplitudes of the ground state wave function suggested in [1] originates from the conformal field theory description.
Introduction
Topological states of matter in two dimensions have been the subject of intensive study since the discovery and theoretical explanation of the fractional quantum Hall (FQH) effect [2, 3] . These states generally arise as the effect of strong interactions and correlations and are thus hard to address from first principles. Most of the theoretical work since then has therefore focused on the description of idealized trial wave functions for ground states and excited states that exhibit the desired physical features, such as topological degeneracies and abelian or non-abelian anyonic statistics [3, 4] . Many of these arise in a very natural way from 2D conformal field theory (CFT) which, all at the same time, encodes wave functions, braiding statistics of anyonic excitations and the spectrum of gapless edge modes. These investigations were complemented by the study of so-called parent Hamiltonians involving suitable pseudo-potentials that render the trial wave functions exact eigenstates [5] . By now there is an enormous amount of literature on trial wave functions for ground states and excited states in fractional quantum Hall systems.
Similar wave functions have also been proposed for the description of quantum spin liquid states [6, 7, 8] in 2D spin systems making use of a mapping between spin configurations and hardcore bosons. While originally only abelian chiral spin liquids were discussed, in Ref. [1, 9, 10] Greiter and coauthors suggested a non-abelian generalization for each non-trivial choice of SU (2) spin S. These studies were accompanied by the derivation of a suitable parent Hamiltonian that annihilates the ground state wave function of these non-abelian chiral spin liquids [11, 12, 9] .
Recently, the construction of topological and other exotic states of matter was picked up again from the perspective of quantum information theory. Numerical studies showed that the bipartite entanglement spectrum of FQHE ground states contains information about the gapless edge modes and hence about the underlying conformal field theory [13] . This idea can be turned around by trying to encode desired entanglement features into ground state wave functions. This is achieved by coupling the physical degrees of freedom to each other through an auxiliary layer of virtual spins or particles that encodes the entanglement. On a technical level this naturally leads to the concept of tensor network states. In that context there is another natural definition of parent Hamiltonians as a frustration-free combination of local interactions that annihilate the desired ground state locally.
In the context of 2D topological quantum states it seems appropriate to model the entanglement layer through infinite dimensional matrix product states based on conformal field theory (CFT) correlators since many trial wave functions arise directly from CFT [4, 14] . This program has been initiated in Ref. [15] for free bosons and the SU (2) 1 WZW model and then further elaborated on in Ref. [16] for the SU (2) k WZW models, with strong emphasis on k = 1 and k = 2. While this, obviously, produced the same quantum states that were discussed previously based on the same CFTs, the approach gave natural access to (long range) parent Hamiltonians by employing identities for correlation functions that are associated with so-called null vectors, hence with the representation theory of the underlying affine Lie algebra symmetry. The same kind of construction was also employed for SO(N ) and SU (N ) spin models associated with SO(N ) 1 and SU (N ) 1 WZW models [17, 18, 19] .
Remarkably, in all SU (N ) cases it was shown that the parent Hamiltonians for k = 1 readily reduces to a (trivial) variation of the long-range Haldane-Shastry model [20, 21] if the field insertions defining the ∞ MPS are chosen to lie equidistantly on the unit circle. This is exciting since the Haldane-Shastry model is a paradigmatic model for excitations with purely statistical interacions [22] , is exactly solvable due to an exact Yangian symmetry [23] and is known to provide an accurate realization of the SU (N ) 1 WZW models in the thermodynamic limit.
In a somewhat disconnected line of development, attempts were made to identify Hamiltonians that realize SU (2) quantum spin systems in one dimension with higher order critical behaviour that is described by an SU (2) k Wess-Zumino-Witten (WZW) CFT [24] . While these CFTs are known to arise from integrable systems based on R-matrices associated with the spin k 2 -representation of SU (2) [25, 26] , the associated Hamiltonians involve higher order spin-spin couplings and are extremely fine-tuned. Several authors have suggested simpler Hamiltonians that are still claimed to be lattice approximations of SU (2) k WZW models. The authors of Ref. [27] proposed a family of long-range Hamiltonians, for arbitrary level k, with quartic three-spin interactions which are based on a 1D reduction of parent Hamiltonians of the 2D non-abelian chiral spin liquid. Shortly after, a truncated short ranged version was studied in [28, 29] for k = 2, 3, 4 with numerically determined couplings. In both cases, the flow to the SU (2) k WZW model in the thermodynamic limit was supported by numerical studies.
It is probably fair to say that there is currently no model for higher spin S (or higher level k) that has the same simplicity, symmetry and hence theoretical appeal as the Haldane-Shastry model for S = 1 2 (k = 1). 1 Moreover, it should be noted that the ∞ MPS construction based on the SU (2) k WZW model for k = 1 and k = 2 that was discussed in the literature [15, 16] is based on free field theories, namely a single free boson or three free fermions respectively for which correlation functions are readily available. In contrast, the SU (2) k WZW models for k > 2 are genuine interacting conformal field theories. It is thus worth to provide a systematic investigation of the ∞ MPS construction for higher values of k. This is also interesting in the context of the recent paper [31] which studies the associated non-abelian statistics of such one-dimensional models.
In this paper we study an infinite dimensional matrix product state (∞ MPS) based on the SU (2) k WZW model and present explicit formulas for long-range parent Hamiltonians based on null vector conditions and WZW Ward identities. This extends earlier considerations in [16] to general level k and clarifies the CFT origin of the wave function for the non-abelian chiral spin liquid (as discussed in [32] ). Let us briefly outline the structure of this paper. Section 2 is devoted to a discussion of the physical setup for an ∞ MPS construction of a spin-S chain and the presentation of arguments that constrain the associated CFT to be an SU (2) k WZW model with k = 2S. In Section 3 the null vectors in that CFT are then used to derive a family of operators that annihilate the ∞ MPS and hence allow the construction of a parent Hamiltonian.
The precise form of the ∞ MPS is discussed in Section 4 and compared to the construction of the non-abelian chiral spin liquid as suggested in Ref. [1] . The general parent Hamiltonian for the 2D setup is simplified in Section 5 for equidistant positions on the circle to investigate the reduction to a 1D setup.
Two Appendices A and B are used to summarize some elementary identities for the Lie algebra su(2) and provide a brief review of the Schwinger boson construction. The final Appendix C addresses the form of simple currents in G k WZW models in relation to those of products of G 1 WZW models for arbitrary (simple) symmetry groups G.
Description of the physical setup
We wish to employ the idea of ∞ MPS and parent Hamiltonians [15, 16] to construct a spin system consisting of L spins S l distributed arbitrarily on the complex plane. We will focus on SU (2) spins and individual spins are supposed to transform in the spin-S representation V where S = 1 2 , 1, 3 2 , 2, . . . is fixed once and for all. The total Hilbert space of the system is thus H = V ⊗L . To describe such a spin system within the formalism of ∞ MPS we, first of all, define a state
where |m l denotes an orthonormal basis of V and ψ(z) are suitable primary fields in a 2D CFT that also transform in the representation V and · · · CFT is the associated conformal block. 2 In addition, there are certain consistency requirements that will be addressed below. From the perspective of the state |ψ the variables z l are merely parameters but we will interpret them as the positions of the quantum spins S l .
In the case at hand, the natural CFTs are SU (2) k WZW models (with k = 1, 2, . . .) since these come with the correct symmetry and primary fields. For such a CFT to exhibit a primary field transforming in the spin-S representation we need to have k ≥ 2S. It should be noted that the fusion of primary fields may exhibit multiple channels and hence there is generally a whole space of conformal blocks ψ(z 1 ) · · · ψ(z L ) CFT whose dimension grows exponentially with the number of spins L. Hence the definition (1) is, in general, highly ambiguous and moving around the positions of the spins may lead to other states due to monodromies of conformal blocks [33] .
One (and in our situation the only) way to come up with a unique conformal block 3 is to choose the fields ψ(z) to be simple currents. A simple current ψ has, by definition, only a single fusion channel when fused with any other field X: ψ ⊗ F X = Y . In particular, for SU (2) k the fields are all self-dual and hence simple currents all fuse to the identity field: ψ ⊗ F ψ = I. This property immediately implies that the associated space of conformal blocks has dimension one (for even L) or zero (for odd L). We thus restrict our attention to even L in what follows. The only non-trivial simple current of the SU (2) k WZW model transforms in the repesentation S = k 2 . We are hence forced to assume k = 2S and this identification will be understood from now on.
In Section 3 we will define (or rather derive) operators C l ({z i }) on H that take the positions z i as parameters and annihilate the quantum state |ψ . The associated parent Hamiltonian
2 In standard CFT conventions, a primary field frequently is defined to be a field associated with a highest weight state. In contrast, in this paper a convention will be used where "primary field" refers to the whole ground state multiplet. In other words, our primary fields are V-valued. Here and in what follows we will, moreover, frequently suppress the index m on ψ to avoid cluttering of notation.
3 Unique up to an overall phase which is irrelevant for the physical properties of the quantum state (1) .
is then positive semi-definite (satisfies H ≥ 0) and |ψ is a zero energy ground state of H. We will see that the Hamiltonian H as defined in (2) is closey related to the Hamiltonian found earlier in [9] (without noting the relation to CFT) and further discussed in [27] . For S = 1 2 and S = 1 our results readily reduce to those presented in [16] .
Derivation of the parent Hamiltonian from CFT
We will construct the operators C l {z i } based on our knowledge of null fields related to the simple currents ψ(z) in the SU (2) k WZW model where k = 2S. This procedure was suggested in [15, 16] and carried out explicitly for S = 1 2 and S = 1 based on specific formulas for Clebsch-Gordan coefficients. In contrast, we will employ a formalism that is manifestly basis-independent and straightforwardly generalizes to higher values of S.
Since the primary field ψ(z) is transforming in the representation S, the associated null vector is located at energy level 1, regardless of the value of S (see, e.g., [33] ). The states on energy level 1 can all be represented as J a −1 |m where m = −S, −S + 1, . . . , S is the magnetic quantum number and J a n are the modes of the affine Lie algebra su(2) k underlying the SU (2) k WZW model. These states form a representation with respect to the global symmetry group SU (2) which is generated by the zero modes J a 0 and decomposes as
where 1 arises since the modes J a −1 transform in the adjoint representation and S refers to the action on the ground states |m . 4 An illustration of these statements can be found in Figure 1 .
The null vectors lie in the top component (S + 1) of the tensor product decomposition (3) . Let t and S be the spin generators associated with the action of SU (2) on J a −1 and |m , respectively. Then C = (t + S) 2 denotes the quadratic Casimir operator on this tensor product and the projector onto the null states is given by
where we have made use of the Casimir eigenvalues C J = J(J + 1). Upon expanding this product, one finds the projector
.
This expression may be further simplified since t is a spin in the adjoint representation and hence specified by matrix elements (t e ) a c = −iǫ ea c where ǫ is the completely anti-symmetric Levi-Civita symbol. Using identities summarized in Appendix A we then find
where we have emphasized the operator structure in the second tensor factor while keeping explicit matrix indices for the first one. Writing the projector as a matrix in the first two indices only (i.e. as an operator valued matrix), one then obtains
4 Mathematically, this follows from J a
where we introduced (superfluous) tensor product symbols ⊗ to make the connection more explicit.
Representation content w.r.t. SU (2) This expression can be symmetrized using the commutation relations of SU (2) and this leads to the final result
The symmetrization will facilitate a comparison of our parent Hamiltonian (2) with that proposed in Ref. [9] . By way of construction of the projector P a b , we are guaranteed that P a b ψ(z) is a null field. 5 Consequently, all correlation functions involving this field vanish and this allows to conclude, after using a WZW Ward identity, that
where the operator appearing on the right hand side is defined by 6
The subscript l on P a l b indicates that the spin operators S present in this matrix, see Eq. (8), act on the l's tensor factor and hence can be written S l . By Eq. (9) all operators P a l {z i } annihilate the ∞ MPS defined in Eq. (1),
and can be used to define an associated parent Hamiltonian along the lines of Eq. (2). Before we spell out the parent Hamiltonian we will slightly generalize the coordinate dependence of (10). This is possible in view of the equations
The first equation is just the statement that |ψ is a singlet, the second equation follows from a straightforward calculation and the last equality is a simple consequence of the former two. We can then combine Eqs. (11) and (12) with arbitrary coefficients to obtain
for relatively general choices of the parameters Ω lj (as functions of the z i ). A few of these choices will be discussed below in Section 5. The operators C a l {z i } are used to construct the parent Hamiltonian defined in Eq. (2) . The evaluation of this expression is greatly simplified by the fact that the matrices P a l b are projectors and hermitean. The resulting terms are all straightforward to bring into a convenient form except for the last one which is quartic in spin operators. Upon using the commutation relations and some other identities listed in Appendix A we then ultimately find
We note that this Hamiltonian features bilinear and biquadratic interactions 7 as well as three-and four-spin terms. The three-spin term is special in the sense that it is chiral, i.e. not invariant under time-reversal or a reordering of the spins. However, it may well be absent for specific choices of the parameters Ω ij as will be discussed in Section 5.
Conformal field theory description of the ground state
To determine the explicit form of the ∞ MPS ground state (1) we need to calculate the WZW correlation function
We will now show that this correlator follows from a symmetrization argument that closely resembles that given in [9] , but here from the perspective of the underlying CFT. We first of all note that there is a diagonal embedding
However, this embedding is not conformal since the central charges on the two sides of the equation do not coincide: 3k k + 2 = k × 1 (except for k = 1) .
As we will show momentarily there is still a way of thinking of the simple current ψ (k) (z) in the SU (2) k WZW model as being built from the simple currents ψ
α (z) (with α = 1, . . . , k) of the SU (2) 1 WZW models appearing on the right hand side of Eq. (16) .
In a first step we make the embedding conformal by considering
instead of Eq. (16) . The primary fields of the product theory are associated with representations H (j 1 ,...,j L ) = H (1)
According to the usual branching rules, these decompose into a direct sum under the embedding (18) , where H (j 1 ,...,j L |j) is a representation of the diagonal coset and H (k) j one of SU (2) k . Some of the coset representations are in fact trivial in the sense that they do not appear in the decomposition (19) . This is described by selection rules which, in the present case, have the form
In other words, for a representation j of SU (2) k to appear in the decomposition (19) it needs to satisfy Eq. (20) . The simple current we are interested in corresponds to j = k 2 and we see that this arises very naturally from the product representation H ( 1 2 ,..., 1 2 ) which corresponds to a certain projection of the product of the SU (2) 1 simple currents in the product theory. On the other hand, the latter projection also gives rise to a coset field corresponding to H ( 1 2 ,..., 1 2 | k 2 ) . We hence still need to explain why this coset field does not play a role and, moreover, specify in more detail what projection to choose in order to single out the j = k 2 component of the composition (19) . Let us start with the former task. It is well-known that the presence of selection rules goes hand in hand with the presence of "field identifications" that in the present case read
We immediately recognize that this field identification implies
which is just the vacuum module of the diagonal coset theory. In other words, the simple current of the SU (2) k WZW model that we are after is paired with the identity field of the coset (or one of its descendants). A comparison of conformal dimensions (see below) implies that the remaining factor is indeed a multiple of the identity field and not a non-trivial descendant. This is good news since this means that the desired correlator of the SU (2) k simple current can be directly obtained from the product of correlators of the SU (2) 1 simple currents, without additional complications due to the coset part. From Young diagram techniques it is evident that the k 2 representation of SU (2) arises as the top component in the tensor product 1 2 ⊗ · · · ⊗ 1 2 (k factors) which is associated with the complete symmetrization of all factors. Hence we obtain the identity 8
relating the simple currents in SU (2) k and k copies of SU (2) 1 , where the symmetrization refers to the magnetic quantum numbers m α = ± 1 2 which have been supressed. We note that each of the fields ψ (1) l (z) contributes h (1) = 1 4 to the total conformal dimension of the product since they mutually commute. This precisely matches h (k) = k 4 for the field ψ (k) (z) on the left hand side 9 and indeed shows that relation (23) holds without the insertion of a descendant in the coset part. For the determination of the desired conformal block (15) it thus suffices to have knowledge of the SU (2) 1 correlation functions which can be calculated by means of a free field construction [33] . Instead of reproducing the derivation we just spell out the result [15] ,
The constant ρ m appearing here is given by
The product is non-singular since the fields all live in different tensor factors. 9 A spin j primary field has conformal dimension hj = j(j + 1)/(k + 2) in the SU (2) k WZW model. The two results quoted are obtained for j = k 2 , in the first case after restriction to k = 1.
and is known as the Marshall sign factor. As was suggested in [7] in the context of AKLT models and then adapted to the non-abelian chiral spin liquid in [1] , the symmetrization can be carried out quite explicitly in terms of Schwinger bosons, see Appendix B. In that formalism and setting M = L 2 , the state that is relevant for the case k = 1 is 10
where the sum extends over all subsets {ξ 1 < . . . < ξ M } ⊂ {1, . . . , L}, the subset {η 1 < . . . < η M } complements the previous one and all entries are ordered as indicated. This state may then easily be generalized to the spin-S representation by defining [1] 
The mathematical situation is depicted in the following diagram,
On the one hand we have the Hilbert space of k individual spin systems (it is useful to think about them as chains here) which are each projected into a specific singlet by means of the ∞ MPS construction for k = 1. On the other hand we have projections to the maximal spin component k 2 across the various spin systems for each individual site. 11 From the perspective of the previous comments it is sensible to first define the state 12
This is a singlet but it still lives in the Hilbert space (( 1 2 ) ⊗L ) ⊗k = ( 1 2 ) ⊗kL . The desired projection onto ( k 2 ) ⊗L is implemented by means of a complete symmetrization, i.e. by identifying all the bosons: (a i , b i ) = (a, b). This procedure leads directly to the quantum state (27) . This argument proves that the ∞ MPS underlying our construction of the parent Hamiltonian (14) indeed agrees with the state (27) introduced by Greiter and Thomale [1] .
Equidistant spins on the unit circle
The Hamiltonian (14) can be simplified significantly if the parameters z l are assumed to be distributed equidistantly on the unit circle, i.e. z l = e 2πi L l , and the functions Ω ij are chosen appropriately. 13 Natural choices for Ω ij that are consistent with the derivation of the operators C l in Eq. (13) are
10 The subscript 0 indicates that this is meant to be a ground state. 11 "Individual site" here refers to an arbitrary numbering of spins which is identical on each of the k spin systems. 12 We would like to emphasize that the subscript of the vectors ai and bi refers to different chains, not the sites on individual chains. 13 Many of the simplifications we present carry through even for arbitrary positions z l = e iφ l on the unit circle where the z l are assumed to be mutually distinct. Since our main motivation is the comparison of the ∞ MPS approach with the recent proposal of Greiter and coauthors [9] we refrain from presenting the general expressions.
On the unit circle one hasz i = 1/z i and this allows to simplify expressions such as |Ω ij | 2 orΩ li Ω lj that appear in the ∞ MPS parent Hamiltonian.
In what follows we restrict our attention to the choice w ij = z i +z j z i −z j . The most significant benefit of this choice is the absence of the cross product term (S i ×S k )·S j in Eq. (14) whenever i = j. Indeed, this term cancels out in view of the relationw ij = −w ij and the resulting symmetry ofw ki w kj = −w ki w kj in the indices i and j. For i = j = k on the other hand we can use the identities of Appendix A to write
which is bilinear. It is convenient to collect all bilinears into a single sum and to simplify all the constant contributions that arise on the way. To do so we first of all evaluate the sums [16] k( =i,j)w
After using the first expression in Eq. (14), the Hamiltonian features spin-spin interactions without dependence on the parameters z l . These can be rewritten in terms of the identity operator and the square S 2 tot of the total spin operator S tot using the identity k =l S k · S l = S 2 tot − LS(S + 1). After collecting all terms of the same form we then arrive at 14
We note that the four-spin term includes biquadratic spin couplings for i = j. It remains to obtain a better idea about the coordinate dependence of the interactions, i.e. the dependence on the parameters z l . For the bilinear term the relevant expression is
This clearly reproduces the distance dependence familiar from the Haldane-Shastry Hamiltonian. The simplification of the expressionw ki w kj requires slightly more thoughts but eventually it is a matter of elementary algebra to show that
We note that the last expression is multiplying a term that is symmetric in the indices i and j. Hence the summation simplifies and we are left with the final expression
14 In writing down this expression we rescaled the original Hamiltonian (14) by a factor 2π 2 (2S+1) 4L 2 (2S+3) . This is possible without changing any of the fundamental properties of H. The rescaling ensures that the Hamiltonian behaves as expected in the thermodynamic limit L → ∞ and is required for a comparison with the results of [9] .
We see that the ∞ MPS Hamiltonian features Haldane-Shastry-like spin-spin interactions as well as three-spin interactions, all of them long-ranged. In addition there is a term proportional to S 2 tot that can be interpreted as some sort of chemical potential that is favoring large total spins. It is likely though that this term will be dominated by contributions arising from the final three-spin term and that, overall, small spins will be favoured. When carrying out the sums over i and j, the final term can be written in terms of the total spin S tot but is is unclear how to simplify the sum k (S k · S tot ) 2 that arises in this way.
A closer inspection reveals that the Hamiltonian (35) is similar but not quite identical to the one that was derived in Ref. [9] . Indeed, while the z-dependent (and hence distance dependent) interaction terms precisely agree, the Hamiltonian (35) features additional terms which have the flavor of chemical potentials. From a naive perspective it looks possible to remedy the issue by working with one of the other two choices for Ω ij that we have mentioned at the beginning of this section, namely x ij or θ ij . Indeed, these different choices are related by
so they are guaranteed to give the desired dependence on the parameters z l when inserted into the Hamiltonian (14) . On the other hand, for both of these choices the three-spin term (S i × S k ) · S j does not drop out, which results in a Hamiltonian that is manifestly chiral. While this may be desired in a 2D setting, it seems rather unnatural in one dimension, at least if one wishes to find a realization of the SU (2) k WZW model.
Conclusions
In this paper we have applied the ∞ MPS construction to SU (2) k WZW models. Using a basisindependent formalism for spin operators and projectors allowed us to derive explicit parent Hamiltonians for 1D and 2D quantum spin models. We also established a precise correspondence between our conformal field theory approach and the symmetrization approach for trial wavefunctions of a family of non-abelian chiral spin liquids [1] . Even though the wavefunctions agree there seems to be a slight mismatch in the associated parent Hamiltonians. To our knowledge, this paper has been the first complete and explicit application of the ∞ MPS construction to a family of truly interacting conformal field theories after earlier papers on U (1), SU (2) 1 , SO(N ) 1 and SU (N ) 1 WZW models [15, 16, 17, 18, 19] which can all be interpreted as free field theories (with the special case SO(3) 1 ∼ = SU (2) 2 ). Our present discussion focused on 2D quantum spin systems on the plane (or Riemann sphere) and closed 1D systems on the circle. It is known that the ∞ MPS construction generalizes to 1D systems with open boundary conditions [34, 35] and to systems on the torus [36, 37] and it would be interesting to carry these constructions out for SU (2) k . Moreover, the non-abelian chiral spin liquid we constructed was obtained by combining k identical copies of the state for k = 1. It would be worthwhile to understand how the more general possibilities of combining k = 1 theories as discussed in Ref. [10] can be realized in the framework of ∞ MPS.
Finally, the last few years have seen tremendous efforts to understand abelian and non-abelian spin liquids using what is called a coupled wire construction [38, 39, 40] and generalized spin ladders [41] . While there are certain similarities to the approach discussed in the present paper it still needs to be verified whether these are merely superficial or whether both constructions have a more intimate relationship.
Type

Group
Simple current(s) Conformal dimension A SU (N ) j l = kω l h j l = kl(N −l) The Fock space is created from a vacuum vector |0 defined by a|0 = b|0 = 0. An orthonormal basis of states is obtained by defining
We finally note that
This is the state in the spin-S representation with minimal value of S z (spin maximally down). The Schwinger bosons may be used to represent the two states of the spin-1 2 representation as follows,
and similarly for the three states of the spin-1 representation,
C Simple current correlators for other symmetry groups
The considerations for the ground state wave function presented in Section 4 carry over to other WZW models at generic level k based on simple Lie groups. This is essentially due to the relation h j k = kh j 1 where j k is a simple current in the level-k theory that arises from the symmetric combination of k simple currents j 1 in k distinct level-1 theories based on the same group. The relevant relation may be verified case by case and a more detailed discussion can be found in the book [43] , see especially the paragraphs around Eqs. (3.5.43) and (5.1.30). Here we content ourselves with the following table that summarizes the simple currents at generic levels (in the labeling conventions of [33] ), together with their conformal dimensions.
